The influence of diffuse surface layer of a finite nucleus on the mean square radii and their isotopic shift is investigated. We present the calculations within the Gibbs-Tolman approach using the experimental values of the nucleon separation energies. Results are compared with that obtained by means of direct variational method based on Fermi-like trial functions.
I. INTRODUCTION
Finite nucleus possesses the surface diffuse layer due to the quantum penetration of particles into the classically forbidden region. As a result, there is ambiguity in determination of the nuclear size [1] . Information on the size of atomic nuclei and average characteristics of radial nucleon distributions can be obtained from the values of mean square radii of nuclei [2] . In analysis of experimental data the two-parameter Fermi function is often used for the spatial distribution of nucleons,
where R q is the half-density radius and a q is the diffuseness parameter of the distribution.
Here, q = n is for neutron and q = p for proton distribution. For two-component system two different patterns may arise [3] depending on the parameter values R q and a q . For the same values of the diffuseness, a n = a p , but for different values of radii, R n > R p , one considers neutron skin. In the opposite case of the same values of the radii, R n = R p , and for different values of the diffuseness parameter, a n > a p , there is a neutron halo. Studies show the mixture of two mentioned patterns with approximately equal contributions [4] .
In this paper the effect of the diffuse surface layer of a nucleus on the mean square radii is considered making the comparison between results of two models. First, we adopt the spatial distribution of nucleons having sharp boundary at the equimolar radius. Within the Gibbs-Tolman (GT) approach [5] [6] [7] [8] the values of the equimolar radius and the bulk nucleon density are obtained using the experimental data on nucleon separation energies. Second, we consider the diffuse spatial distribution of nucleons in a nucleus. We apply the the direct variational method based on the specific Fermi-like trial functions [4, 9, 10] and the bulk nucleon density is normalized to that obtained using the GT approach. The comparison of the two above mentioned considerations allow us to allocate the effects of the surface layer on rms radii and their isotopic shift. Sec. II gives the basics of the Gibbs-Tolman approach and direct variational method. Results and discussion are presented in Sec. III, conclusions are summarized in Sec. IV.
II. THE MODEL

A. The Gibbs-Tolman approach
Following the Gibbs-Tolman approach, we consider the spatial distribution of nucleons in spherical nucleus having the sharp boundary located within the surface region. The dividing spherical surface of radius R separates the nucleus into bulk and surface parts with the corresponding volume V = 4πR 3 /3 and surface area S = 4πR 2 . The total energy E of the nucleus is also divided into the volume, E V , and, the surface, E S , parts, respectively.
Namely,
Here the Coulomb energy E C is fixed and does not depend on the dividing radius R. The volume energy E V is considered as the energy of homogeneous nuclear matter E V = E ∞ contained in the volume V .
We consider the two-component nuclear matter with the neutron-proton asymmetry parameter X = (N −Z)/A, where N and Z are, respectively, the neutron and proton numbers, A = N + Z is the mass number. The neutron, µ n , and proton, µ p , chemical potentials are defined as
By the assumption of the GT approach, the nuclear matter inside certain volume is taken to be in a state having the same values of chemical potentials as those of real nucleus (see [9] )
where s q is the single-nucleon separation energy, ρ q,V is the bulk nuclear matter density of the step r-distribution
where R q are the partial (neutron and/or proton) radii. The Coulomb contribution λ q,C to the chemical potential λ q = −s q of the nucleus is subtracted in (4) since the resulting value µ q of Eq. (3) corresponds to uncharged nuclear matter. The value of Coulomb contribution in (4) is determined by
where
is the Coulomb energy parameter estimated from the fit to the experimental data, see [11] .
Considering the asymmetric nuclear matter with the asymmetry parameter X ≪ 1, the bulk energy per particle can be used as [9] 
and
Here α = (3/5) (3 π 2 /2) 2/3 , ρ V = ρ n,V + ρ p,V and ρ −,V = ρ n,V − ρ p,V are the total nucleon and the neutron excess bulk densities, respectively, t i , x i and ν are the parameters of Skyrme force. As soon as the chemical potentials of a nucleus is known, one obtains the partial volume densities ρ q,V using Eqs. (3) -(10). Then, calculating the partial surface densities
and applying the condition
one finds the partial equimolar radii R q e [9] . The root mean square (rms) radius for the nucleon density distribution ρ q (r) is defined as
In particular, for the step distribution function (5), the corresponding rms radii are given by
According to the direct variational method (see, for example, [9, 12] ), we adopt the trial function for ρ q (r) as a power of the Fermi function, namely
where ρ 0,q , R q , a q and ξ q are the variational parameters. The profile function ρ q (r) should satisfy the conservation conditions for numbers of neutrons and protons
For the ground state of the nucleus, the values of the variational parameters can be found by minimizing the total energy of the nucleus with respect to all possible small changes of the variational parameters, provided the conditions (16) are fulfilled. Below, in the subsequent calculations, the values of the nucleon density parameters ρ 0,q will be normalized to the values obtained within the GT approach using the experimental data on the chemical potentials, see also (4),
In view of Eqs. (15) , (16) the conditions for the particle number conservation are written by
Thus, fixing the values of ρ 0,q and R q using the relations (17), (18) the number of free variational parameters is reduced to four, that are a q and ξ q . For the trial functions given by (15) one can obtain the leptodermous expansion (a q /R q ≪ 1) of the rms radius [4] :
where the coefficients κ j (ξ) are the generalized Fermi integrals, A. The black circles are the experimental data [14] , the triangles are the calculations within the GT approach, the rhombuses are the calculations for the diffuse distribution.
III. NUMERICAL CALCULATIONS
Here we present the results of calculations for the neutron and proton rms radii for isotopes of sodium, tin and lead. The SkM * parameterization [13] for the Skyrme nucleonnucleon interaction was used in the calculations. Fig. 1 shows the calculation results for the rms radii of the proton spatial distributions in sodium isotopes versus the mass number A.
As the charge number is fixed, the figure actually depicts the dependence on the number of neutrons N = A − 11. The triangles indicate the calculation in the framework of the GT approach for the sharp distribution (5) according to the formula (14) . The rhombuses indicate the calculation using the direct variational method for the diffuse distribution (15) in accordance with the expression (19). In both cases, calculations were done using the experimental values of the one-proton separation energy s p [15] for the proton chemical potential µ p in accordance with (4) . For clarity, the points are connected by dotted lines.
As can be seen from the figure, the triangles are located much lower than the experimental for the neutron chemical potential µ n in accordance with (4) . It is seen from Fig. 2 triangles. This calculation corresponds to the one-neutron separation energy s n taken for the neutron chemical potential. The sawtooth behavior disappears and the A-dependence of neutron rms radius becomes monotonous if we use the half-value of the two-neutron separation energy, s 2n /2, for the neutron chemical potential, see squares connected by the dashed line in Fig. 2 . Such sawtooth dependence is a manifestation of the pairing effect which contributes to the single neutron separation energy s n and cancels out in s 2n /2. Pairing effect is not that pronounced if the diffuse neutron distribution is used, the calculations using s n (circles) and s 2n /2 (rhombuses) for the neutron chemical potential are practically coincide, see Fig. 2 . We note, that the use of experimental values of s q for chemical potentials still does not allow to reproduce well the fine structure of the mass number dependence of measured rms radii. Fig. 3 and Fig. 4 Pb isotopes Fig. 4 : Difference ∆r np between the rms radii of the neutron and proton spatial distributions as a function of A for Pb isotopes. The notations are the same as in Fig. 3 . The experimental data are taken from [16] .
for Sn and Pb isotopes in comparison with the experimental data [16] . The notations are the same as the Fig. 2 . In both figures there is noticeable difference (of about 25 -30%) between two types of calculations which correspond to the diffuse and stepped nucleon distributions. The calculations for the diffuse nucleon distribution (marked as rhombuses)
give better description of the experimental data and are located higher than calculations for the stepped nucleon distribution (marked as triangles). In both Fig. 3 and Fig. 4 the sawtooth A-dependence is clearly seen for ∆r np obtained using single nucleon separation energies s q . This indicates the pairing effect contribution to the isotopic difference in the root mean square radii. The sawtooth dependence is eliminated by the use of the half-value of the experimental two-nucleon separation energies s 2n /2 and s 2p /2 for the corresponding chemical potentials, see squares and circles in Figs. 3 and 4 .
The isotopic shift ∆r np between the neutron and proton rms radii (neutron skin) is presented in Fig. 5 as a function of the asymmetry parameter X for different nuclei. The experimental data (symbols with errorbars) are taken from [16] where the isotopic difference function of the asymmetry parameter X for a set of nuclei. The experimental data is taken from [16] , the dashed line is the linear approximation taken from [16] , the triangles are the calculation in the framework of the GT approach, the rhombuses are the calculation for the diffuse distribution.
between the rms radii was estimated as ∆r np = (−0.04 ± 0.03) + (1.01 ± 0.15)X. The result of this linear fit is presented by the dashed line in Fig. 5 . Calculations shown in Fig. 5 were performed using one-particle separation energies for the sharp (triangles) and the diffuse (rhombuses) nucleon distributions. As seen from the figure, both types of calculations are mostly located within the limits of experimental errors. Fig. 6 shows similar calculations as in the Fig. 5 except half the values of the two-particle separation energy are taken for the chemical potentials instead of the one-particle one to exclude the pairing effect.
In contrast to the significant shift of about 0.5 fm in proton and neutron rms radii due to the presence of diffuse layer in spatial nucleon distribution (compare triangles and rhombuses, respectively, in Figs. 1, 2) , the contribution from the diffuse layer has only slight effect on the isotopic shift ∆r np as can be concluded from Figs. 5, 6 paying attention to the location difference between triangles and rhombuses in Fig. 5 Fig. 6 : Difference ∆r np between the rms radii of the neutron and proton spatial distributions as a function of the asymmetry parameter X for a set of nuclei. The experimental data are taken from [16] , the dashed line is the linear approximation taken from [16] , the squares are the calculation within the GT approach, the circles are the calculation for the diffuse distribution.
circles in Fig. 6 . The reason for the weak sensitivity of ∆r np on the presence of diffuse layer is that the contributions to rms radii gained from the diffuse surface are partially canceled in the resulting isotopic difference. This jusifies the application of simple nucleon distribution (5) in describing the properties of the neutron skin ∆r np .
IV. CONCLUSIONS
In this paper we have studied the influence of the diffuse surface of a nucleus on its rms radii and their difference by comparing the results of calculations for two cases. In the first case, in the framework of the Gibbs-Tolman approach, we considered the stepped spatial distribution of nucleons having formal equimolar radius located within the surface region of a nucleus. The bulk density was determined by adjusting the values of the chemical potentials to their experimental values using the nuclear matter equation of state. In the second case, the direct variational method was used applying Fermi-like distribution function for the spatial distribution of nucleons. The neutron and proton densities in the center of a nucleus were normalized to the values obtained within the Gibbs-Tolman approach.
It is found that the use the diffuse nucleon distribution gives better description of the experimental rms radii as demonstrated in Figs. 1, 2 for sodium isotopes. The contribution from the diffuse surface layer increases the neutron and proton rms radii by about of 20% as compared to the stepped nucleon distribution. For sodium isotopes the neutron rms radius exhibits a monotonic increase with increasing mass number as seen from Fig. 2 .
The isovector shift ∆r np between the neutron and proton rms radii was calculated for tin and lead isotopes using both the diffuse and stepped nucleon distributions. 
